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State-Space Interpolation for a Gain-Scheduled Autopilot

Daniel J. Stilwell
U.S. Naval Academy, Annapolis, Maryland 21402-5025

A procedure for interpolating state-space, linear time-invariant controllers for the synthesis of gain-scheduled
controllers is introduced. The interpolation method is based on state-space Youla parameterizationand generates a
gain-scheduled controller that is locally stabilizing at every operating point of a nonlinear plant. The interpolation
method also provides guidanceon the selection of operating pointsat which linear time-invariantcontrollers should
be designed. A gain-scheduled autopilot is designed to illustrate the interpolation method.

I. Introduction

G AIN-SCHEDULED controllersare perhaps the most common
class of control systems for nonlinear plants, particularly in

the aerospace community. In fact, there are few aerospace vehicles
without a gain-scheduled controller. Despite gain scheduling’s im-
portance among practitioners,it is only within the last decade that it
has been seriously addressedwithin the research community.1,2 Yet
the literature remains nearly silent on the interpolationproblem that
arises in the synthesis of gain-scheduled controllers. In this paper,
we de� ne the interpolationproblem and provide a theoretically jus-
ti� ed solution for state-space descriptions of linear time-invariant
(LTI) controllers.

In a traditional gain-scheduled design, a nonlinear plant is lin-
earized at a number of operatingpoints at which LTI controllers are
designedfor the correspondinglinearizedplant.The gain-scheduled
controlleris implementedby interpolating(scheduling) theLTI con-
trollers in real time as the plant moves among operating points. The
interpolationof LTI controllers is addressed in this paper by provid-
ing a theoretically justi� ed alternative for standard ad hoc methods.

To introduce the notation and describe the interpolation prob-
lem more precisely,we brie� y outline the gain-scheduledcontroller
design process. Consider a nonlinear plant

Çx(t ) = f (x(t ), w(t ), u(t )), t ¸ 0

e(t ) = he(x(t ), w (t ), u(t )), y(t ) = h y(x(t ), w (t )) (1)

where x(t ) 2 Rn is the state, u(t ) 2 Rm is the control signal, e(t ) 2
Rpe is the output, w (t ) 2 Rmw is an exogenoussignal, and y(t ) 2 Rp

is the signal measured by the controller. Suppose there exists an
equilibrium manifold that can be parameterized by a scheduling
variable, q 2 Rl . That is, there exist continuousfunctions, xo: Rl 7!
Rn , uo: Rl 7! Rm , and w o: Rl 7! Rmw such that

0 = f (xo( q ), w o( q ), uo( q ))

for all q 2 C where C ½ Rl is a connectedcompact set. The schedul-
ing variable q can be a functionof the state, input, and an exogenous
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signal. Although the schedulingvariable is time varying in the gain-
scheduled controller implementation, it is viewed as a parameter in
the design process.

For each q , the standard Jacobian linearization of the nonlinear
plant is written as

Çx d (t ) = F( q )xd (t ) + G1( q )w d (t ) + G2( q )u d (t )

ed (t ) = H1( q )x d (t ) + J11( q )w d (t ) + J12( q )u d (t )

yd (t ) = H2( q )xd (t ) + J21( q )w d (t ) (2)

where, for example,

F( q ) =
@f

@x
(xo( q ), wo( q ), uo( q )) (3)

and xd (t ) = x(t ) ¡ xo( q ). We assume that the matrix functions in
Eq. (2) are continuous.Based on the plant equilibriumand lineariza-
tion data, linear controllers are designed for selected values of q .
The gain-scheduledcontrolleris the linearparameter-varying(LPV)
controller produced by interpolating these linear controllers.

In practice, a number of ad hoc methods are available to inter-
polate LTI controllers. Perhaps the most common is to linearly in-
terpolate the coef� cients of controller transfer functions. Other ap-
proacheshave been reported,includinglinear interpolationof poles,
zeros, and gains of controller transfer functions3; linear interpola-
tion of observer and state feedback gains4; linear interpolation of
matrix coef� cients of balanced realization of LTI controllers5; and
linear interpolation of the solutions of Riccati equations for 1
controllers.6 Other more recent approaches include implementing
LTI controllersin paralleland linearlyinterpolatingtheir outputs.7 ¡ 9

This last method is called controllerblending. All these approaches
have an intuitive appeal and performed satisfactorily in the appli-
cation considered. In other examples, standard ad hoc methods can
generate interpolated controllers that are not locally stabilizing for
certain values of the scheduling variable.10

In addition to ad hoc interpolation methods, theoretically justi-
� ed methods have also been presented. An algorithm for the de-
sign of linearly interpolated state feedback controllers to solve a
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pole-placement problem is presented in Ref. 11. A more recent
approach to gain-scheduled control utilizes LPV controller design
techniquesto directlysynthesizean LPV controller.12,13 In this case,
the interpolation problem is addressed implicitly in that the con-
trollers are parameter varying with respect to the scheduling vari-
able.LPV design techniquesincorporatean upper bound on the rate
of variation of the scheduling variable such that stability is guar-
anteed. Unfortunately, such an LPV controller may not exist for a
given plant and schedulingvariable set C . In this paper, we propose
an interpolationmethod that can be applied to arbitrary state-space
LTI controllers.A suf� cient condition on the selection of operating
points at which the LTI controllers are designed must be satis� ed,
and the controllersmust all have the same state dimension.If the suf-
� cient condition is not satis� ed, then information generated while
checking the suf� cient condition yields guidance on the selection
of operating points at which additional LTI controllers should be
designed.

The theoretically justi� ed interpolation method presented here
belongs to the class of stability-preserving interpolation methods.
We brie� y outline the major featuresof stability-preservinginterpo-
lation and refer to Ref. 10 for further discussion. For a given linear
parameter-varyingplant R ( q ), as in Eq. (2), with q 2 C and a col-
lection of LTI controllers K i , designed for the LTI plant R ( q i ),
i = 1, . . . , q, a stability-preserving interpolation is an LPV con-
troller K ( q ) that satis� es

1) K ( q i ) = K i .
2) The coef� cients of K ( q ) are continuous functions of the pa-

rameter q .
3) K ( q ) stabilizes R ( q ) for each � xed q 2 C .
The � rst requirement assures that a stability-preservinginterpo-

lation must recover the original designed LTI controllers. The sec-
ond requirement prevents discontinuities on the control signal due
solely to the interpolationmethod. The third requirement states that
the interpolated controller must be stabilizing for all values of the
parameter q . The � rst two requirementsare satis� ed by most ad hoc
interpolation methods, although the third requirement may not be
satis� ed.

A stability-preserving interpolation method for controllers with
an observer-state feedback structure was reported in Ref. 14. For
full-order controllers, that is, controllers whose state dimension
equals that of the plant, a stability-preservinginterpolationwas pre-
sented in Ref. 10. A stability-preserving interpolation of transfer
functions was also presented in Ref. 10, though it is primarily of
theoreticalinterest because it suffers from the same implementation
issues as controller blending.9 The stability-preserving interpola-
tion method presentedhere expandsupon those methods previously
reported by being suitable for LTI controllers of arbitrary state di-
mension, so long as the state dimension of each LTI controller is
the same. For the design example in Sec. V, model reduction tech-
niques are utilized to obtain LTI controllers that are not full-order
and do not have an observer-statefeedback structure. Thus, the pre-
viously reported stability-preserving interpolation methods cannot
be applied.

Our interpolationmethod is based on state-space Youla parame-
terization, a common systems theory tool for parameterizing stabi-
lizing controllers.15 Youla parameterization is used to express each
LTI controller as the interconnectionof two dynamic systems, de-
noted and . Thus, we refer to the interpolationmethod as -
interpolation. In this approach, the LTI controllers K i , i = 1, . . . , q
are parameterized by a common dynamic system and distinct
systems Q i . Then a specializedstability-preservinginterpolation is
developed for the Q i systems.

II. Notation and Assumptions
State-space descriptions of the LTI controllers to be interpolated

are written

K i
4
=

Çz(t ) = Ai z(t ) + Bi y(t )

u(t ) = Ci z(t ) + Di y(t ) (4)

for i = 1, . . . , q and Ai 2 Rnk £ nk . Throughout, we refer to an ex-
ponentially stable system as simply a stable system. For example,

if Ai in Eq. (4) has all eigenvalues of the open left-half plane, then
Eq. (4) is stable.

The linear fractional transformationplays a key role in our work.
The lower linear fractional transformation of the plant R ( q ) in
Eq. (2) and the controller K i in Eq. (4) is denoted l ( R ( q ), K i )
and written

l ( R ( q ), K i )
4
=

Çx(t ) = Âi ( q )x(t ) + B̂i ( q )u(t )

y(t ) = Ĉi ( q )x(t ) + D̂i ( q )u(t )

where

Âi ( q ) =
F( q ) + G2( q )Di H2( q ) G2( q )Ci

Bi H2( q ) Ai

B̂i ( q ) =
G1( q ) + G2( q )Di J12( q )

Bi J21( q )

Ĉi ( q ) = [H1( q ) + J12( q )Di H2( q ) J12( q )Ci ]

D̂i ( q ) = [J11( q ) + J12( q )Di J21( q )] (5)

Further information on the linear fractional transformation is found
in Ref. 15.We requiretwo lemmas. In both cases, R ( q ) is considered
an LTI plant with q a � xed parameter.

Lemma 2.1: Given the LTI controller K i in Eq. (4) and the LPV
system R ( q ) in Eq. (2), with q a constant, suppose there exists
K and L such that F ( q ) + G2( q )K and F( q ) + L H2( q ) are sta-
ble. Then K i has the same transfer function as l ( ( q ), i ( q ))
where

( q )
4
=

Çx(t ) = (F( q ) + G2( q )K + L H2( q ))x(t )

¡ Lw (t ) + G2( q )u(t )

e(t ) = K ( q )x(t ) + u(t )

y(t ) = H2( q )x(t ) ¡ w (t ) (6)

i
4
=

Çz(t ) =
F( q ) + G2( q )Di H2( q ) G2( q )Ci

Bi H2( q ) Ai
z(t )

+
L ¡ G2( q )Di

¡ Bi
y(t )

u(t ) = [ ¡ K + Di H2( q ) Ci ]z(t ) ¡ Di y(t )

Lemma 2.2: Given the LPV systems R ( q ) in Eq. (2) with q a
constant,supposethere exist K and L such that F( q ) + G2( q )K and
F( q ) + L H2( q ) are stable. Then with de� ned as in Eq. (6), the
LPV system l ( ( q ), ) stabilizes R where is any LTI system
that is stable and has compatible input and output dimensions.

The major assumptionconcerningthe LTI controllerswe interpo-
late is a stability-coveringcondition.In general terms, this condition
requires that for every � xed q 2 C , the LTI plant R ( q ) is stabilized
by at least one LTI controller.

De� nition 2.3 (stability-coveringcondition): Given a parameter-
varying linear plant R ( q ), q 2 C , suppose a � nite set of controllers
K 1, K 2, . . . , K q has been designed at operating points q 1, q 2 , . . . ,
q q , such that K i stabilizes R ( q i ). Let Ui be an open set such that K i

stabilizes R ( q ) for each � xed q 2 Ui , i = 1, . . . , q. If C ½ [ q
i = 1Ui ,

then the controllers satisfy the stability-coveringcondition.
The stability-covering condition can be interpreted as a suf� -

cient condition on the selection of operating points for which linear
controllers are designed. If there exists a ¯q 2 C for which no LTI
controller stabilizes R ( ¯q ), then a new LTI controller should be de-
signedfor R ( ¯q ). This process is repeateduntil the stability-covering
condition is satis� ed.
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III. Interpolation
For brevity and notational convenience, we examine the scalar-

scheduling variable case, C ½ R, and describe - interpolation
for the interpolationof two LTI controllers K 1 and K 2 over a single
interpolationinterval q 2 [a, b]. The interpolationmethodpresented
here can be easily generalized to vector-scheduling variables and
multiple interpolation regions, as discussed in Sec. IV.

Theorem 3.1: Given the LPV plant R ( q ), q 2 [a, b], with state
dimension n, suppose K 1 and K 2 are controllers, both with state di-
mension nk , and there exists an interval (c, d ) ½ [a, b] such that K 1

stabilizes R ( q ) for q 2 [a, d ) and K 2 stabilizes R ( q ) for q 2 (c, b]
(the stability-covering condition is satis� ed). Then there exists a
parameter-varying controller K ( q ), with state dimension 2n + nk

that stabilizes R ( q ) for each q 2 [a, b] such that K (a) and K (b)
have the same transfer functionsas K 1 and K 2, respectively,and the
matrix-valued coef� cients of K ( q ) are continuous functions of q .

Proof: For ease of notation, we take c = 0 and d = 1. Let R ( q )
be as in Eq. (2), and let K ( q ) and L( q ) be continuousmatrix func-
tions such that F( q ) + G2( q )K ( q ) and F( q ) + L( q )H2( q ) are sta-
ble (eigenvalues in the open left-hand plane) for each q 2 [a, b].
Existence of such matrices is guaranteed by the fact that R ( q ) is
stabilized by K 1 (or K 2). One choice of K ( q ) and L( q ) is given in
Remark 3.2. De� ne

Ãi ( q ) =
F( q ) + G2( q )Di H2( q ) G2( q )Ci

Bi H2( q ) Ai

B̃i ( q ) =
L( q ) ¡ G2( q )Di

Bi

C̃i ( q ) = [ ¡ K ( q ) + Di H2( q ) Ci ], D̃i ( q ) = ¡ Di

and the systems

( q )
4
=

Çx(t ) = (F( q ) + G2( q )K ( q ) + L( q )H2( q ))x(t )

¡ L( q )w (t ) + G2( q )u(t )

e(t ) = K ( q )x(t ) + u(t )

y(t ) = H2( q )x(t ) ¡ w (t ) (7)

Q i ( q )
4
=

Çz(t ) = Ãi ( q )z(t ) + B̃i ( q )y(t )

u(t ) = C̃i ( q )z(t ) (8)

Then by Lemma 2.1, the system l ( ( q ), Q1( q )) has the same
transfer function as K 1 for q 2 [a, 1), and l ( ( q ), Q2( q )) has
the same transfer function as K 2 for q 2 (0, b]. We now describe
stability-preserving interpolation of the matrix-valued functions
Ã1( q ) and Ã2( q ) appearing in Eq. (8), both of which are stable
for q 2 (0, 1). Let W1( q ) and W2( q ) be symmetric positive-de�nite
matrices such that

ÃT
1 ( q )W1( q ) + W1( q ) Ã1( q ) < ¡ I (9)

for q 2 [a, 1) and

ÃT
2 ( q )W2( q ) + W2( q ) Ã2( q ) < ¡ I (10)

for q 2 (0, b]. Though we pursue the general case where W1( q ) and
W2( q ) are parameter varying, in practice it is desirable to restrict
solutions of Eqs. (9) and (10) to be constant matrices. Scaling and
summing the left-hand sides of Eqs. (9) and (10) yield

(1 ¡ q ) ÃT
1 (0)W1(0) + W1(0) Ã1(0)

+ q ÃT
2 (1)W2(1) + W2(1) Ã2(1) < ¡ I (11)

for q 2 (0, 1). De� ne

W̃ ( q ) = (1 ¡ q )W1(0) + q W2(1) (12)

Then Eq. (11) can be written as

(1 ¡ q ) ÃT
1 (0)W1(0) + q ÃT

2 (1)W2(1) W̃ ¡ 1( q )W̃ ( q )

+ W̃ ( q )W̃ ¡ 1( q ) (1 ¡ q )W1(0) Ã1(0) + q W1(1) Ã2(1) < ¡ I

which implies that

ÃW ( q ) = W̃ ¡ 1( q ) (1 ¡ q )W1(0) Ã1(0) + q W2(1) Ã2(1)

is stable for each q 2 (0, 1). De� ne

Ã( q ) =

Ã1( q ), q 2 [a, 0]

ÃW ( q ), q 2 (0, 1)

Ã2( q ), q 2 [1, b] (13)

Ŵ ( q ) =

W1( q ), q 2 [a, 0]

W̃ ( q ), q 2 (0, 1)

W2( q ), q 2 [1, b] (14)

Then

ÃT ( q )Ŵ ( q ) + Ŵ ( q ) Ã( q ) < ¡ I (15)

for q 2 [a, b]. Let

B̃( q ) =

B̃1( q ), q 2 [a, 0]

(1 ¡ q ) B̃1(0) + q B̃2(1), q 2 (0, 1)

B̃2( q ), q 2 [1, b]

C̃( q ) =

C̃1( q ), q 2 [a, 0]
(1 ¡ q )C̃1(0) + q C̃2(1), q 2 (0, 1)

C̃2( q ), q 2 [1, b]

D̃( q ) =

D̃1( q ), q 2 [a, 0]

(1 ¡ q )D̃1(0) + q D̃2(1), q 2 (0, 1)

D̃2( q ), q 2 [1, b]

Then

Q( q ) =
Çz(t ) = Ã( q )z(t ) + B̃( q )y(t )

u(t ) = C̃ ( q )z(t ) + D̃( q )y(t ) (16)

is a stable system for each q 2 [a, b], and by Lemma 2.2

K ( q ) = l ( J ( q ), Q( q )) (17)

stabilizes R ( q ) for each q 2 [a, b]. By construction, the matrix-
valued coef� cients of K ( q ) are continuous functions of q .

We now show the existence of K and L claimed in the proof
of Theorem 3.1. Though there are a number of possibilities for
computing K and L, we present a method that relies on the data
required for - interpolation.

Remark 3.2 [existence of K ( q ) and L( q )]: From Eqs. (9) and
(10), let W1( q ) and W2( q ) (both in R(n + nk ) £ (n + nk )) be partitioned

Wi ( q ) =
Si ( q ) Ni ( q )

N T
i ( q ) Pi ( q )

, W ¡ 1
i ( q ) =

Ri ( q ) Mi ( q )

M T
i ( q ) Q i ( q )

for i = 1, 2 with Si ( q ) 2 Rn £ n and Pi ( q ) 2 Rnk and de� ne

L i ( q ) = G2( q )Di ¡ S ¡ 1
i ( q )Ni ( q )T Bi

K i ( q ) = Di H2( q ) + Ci M
T
i ( q )R ¡ 1

i ( q )
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Then Eqs. (9) and (10) together with Theorem 2.2 of Ref. 14 imply
that

L( q ) =

L1( q ), q 2 [a, 0)

S ¡ 1( q )((1 ¡ q )S1( q )L1( q ) + q S2( q )L2( q )), q 2 [0, 1]
L2( q ), q 2 (0, b]

K ( q ) =

K1( q ), q 2 [a, 0)

((1 ¡ q )K1( q )R1( q )

+ q K2( q )R2( q ))R( q ) ¡ 1( q ), q 2 [0, 1]
K2( q ), q 2 (0, b]

are the required matrices where

S( q ) = (1 ¡ q )S1( q ) + q S2( q ) (18)

R( q ) = (1 ¡ q )R1( q ) + q R2( q ) (19)

Furthermore, it can be shown that Eqs. (9) and (10) imply

(F( q ) + G2( q )K ( q ))T R ¡ 1( q ) + R ¡ 1( q )(F( q )

+ G2( q )K ( q )) < ¡ I (20)

and

(F ( q ) + L( q )H2( q ))T S( q ) + S( q )(F( q ) + L( q )H2( q )) < ¡ I

(21)

verifying that F ( q ) + G2( q )K ( q ) and F ( q ) + L( q )H2( q ) are sta-
ble for q 2 [a, b].

IV. Interpolation of More Than Two Controllers
For clarity, - interpolation is derived in Sec. III for two con-

trollers over a single interpolation region. Extensions of - in-
terpolation for the case that q is a scalar and there are multiple
controllers, and thus multiple interpolations regions, are discussed
in Ref. 10. Here, we brie� y discuss the vector-schedulingvariable
case when q 2 Rl , l = 2. The case when l > 2 is completely analo-
gous.

Suppose that q = [q 1, q 2]T , the interpolationregion is the square
de� ned

U = {q j 0 · q 1 · 1, 0 · q 2 · 1}

and that four LTI controllers, K 1 , K 2, K 3 , and K 4 , have been de-
signed for q 1 = [0, 0]T , q 2 = [1, 0]T , q 3 = [1, 1]T , and q 4 = [0, 1]T ,
respectively.We assumethatthe stability-coveringconditionis satis-
� ed and search for solutionsof the Lyapunovinequalitiesin Eqs. (9)
and (10).

ÃT
i ( q )Wi ( q ) + Wi ( q ) ÃT

i ( q ) < ¡ I, i = 1, . . . , 4 (22)

where Ãi is composed of the matrix coef� cients of the plant and
LTI controller K i . Then W̃ ( q ) in Eq. (12) is written

W̃ ( q ) = (1 ¡ q 1 )(1 ¡ q 2 )W1( q )(0, 0) + q 1(1 ¡ q 2 )W2(1, 0)

+ q 1 q 2W3(1, 1) + (1 ¡ q 1 ) q 2W4(0, 1)

and ÃW ( q ) in Eq. (13) is written

ÃW ( q ) = W̃ ¡ 1( q )((1 ¡ q 1 )(1 ¡ q 2)W1( q )(0, 0) Ã1( q )

+ q 1(1 ¡ q 2 )W2(1, 0) Ã2( q ) + q 1 q 2W3(1, 1) Ã3( q )

+ (1 ¡ q 1 ) q 2W4(0, 1) Ã4( q ))

The matrix-valued functions B̃( q ), C̃ ( q ), and D̃( q ) are de� ned
similarly.

V. Example
Features of - interpolationare illustratedwith the design of a

gain-scheduledautopilot for a pitch-axismissile.Autopilots for this

Table 1 Poles, zeros, and gains of N(s)

Angle of attack q1 q2 q3 q4 q5

0 114 0.178 16.00 6.60 0.755
20 127 0.231 3.30 1.06 0.341

Fig. 1 Autopilot topology.

missile model have also been presented in other works.3,13,14 The
missile equations of motion are

Ça (t ) = K a MCn( a (t ), d (t ), M ) cos( a (t )) + q(t )

Çq(t ) = Kq M2Cm ( a (t ), d (t ), M )

g (t ) = K z M 2Cn[a (t ), d (t ), M]

where a is angle of attack, q is pitch rate, d is the tail� n de� ection
angle, and g is normal acceleration.We assume that Mach number
M is � xed at Mach 3. The constants K a , Kq , and Kz , along with the
coef� cients Cn(¢ , ¢ , ¢ ) and Cm(¢ , ¢ , ¢ ) are found in Ref. 3. A second-
order unity-gain tail� n actuator with transfer function

22,500
s2 + 210s + 22,500

(23)

is assumed. The transfer function in Eq. (23) relates tail� n angle
commands d c generatedby the autopilot to the actual tail� n angle d .

The closed-loop system is shown in Fig. 1. The autopilot gener-
ates tail� n de� ection commands so that the missile tracks normal
acceleration commands. (Normal acceleration is the component of
acceleration normal to the centerlineof the missile). Normal accel-
eration error (g ¡ g c) and pitch rate (q) are measured and fed back
to the autopilot.

Equilibrium conditionsof the nonlinear plant model are parame-
terizedabout the angleof attack,denoted a . Two LTI controllers, K 0

and K 20, are designedfor the linearizedplant models corresponding
to a = 0 and 20 deg, respectively. An LTI controller is not needed
for a < 0 because the missile model is symmetric about a = 0 and
the controllers can be scheduled on j a j .

The LTI controllers are designed using the loop-shaping 1
method of McFarlane and Glover.16 Because our emphasis is on
the interpolation problem, we provide only a cursory overview of
the LTI controllerdesignprocess.The McFarlane–Glover algorithm
is applied to the shaped plant N (s)G(s), where G(s) is the transfer
function of the linearized plant cascaded with the tail� n actuator
and N (s) is the shaping � lter

N (s) =
q2[(s + q1 )/ s] 0

0 q5[(s + q3)/ (s + q4)]

where the coef� cients qi , i = 1, . . . , 5 are given in Table 1 for each
of the two LTI controller designs.

LTI controllers are obtained for a = 0 and 20 deg and cascaded
with the weighting � lter N (s) to form the autopilot C(s). The LTI
autopilot has state dimension 8. Model reduction techniques are
used to obtain autopilots with state dimension 5 from the designed
autopilots. Step responses of the closed-loop linear system, with
reduced-order linear autopilots, are shown in Fig. 2.

By virtue of the McFarlane–Glover loop-shapingdesign method,
the originalautopilotsare full-orderand have anobserver-statefeed-
back structure,but both of these properties are lost as a result of the
model reduction process. Thus, interpolation of observer and state
feedback gains4,14 and full-order state-space interpolation10 cannot
be utilized. Though our model reduction efforts may seem some-
what arti� cial in this context, we have purposefully generated an
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Fig. 2 Step response of linear closed-loop system: - - - -, ® = 20, and
——, ® = 0.

Fig. 3 Normal acceleration of closed-loop nonlinear system: - - - -, lin-
ear interpolation, and ——, - interpolation.

autopilot that is not full-order and does not have an observer-state
feedback structure. Thus, previously reported stability-preserving
interpolationmethods10,14 are not suitable.

- interpolation of the two LTI controllers proceeds as de-
scribed in Sec. III. We � rst verify that the stability-covering con-
dition is satis� ed and � nd that K 0 and K 20 stabilize the family of
linear plants for a 2 [0, 20] and [5, 20] deg, respectively. Symmet-
ric positive-de�nite matrices W0 and W20 are computed that satisfy
Eq. (9) for a 2 [0, 20] and Eq. (10) for a 2 [5, 20]. Obtaining con-
stantsolutionsto Eqs. (9) and (10) simpli� es the equationsappearing
in the proof of Theorem 3.1 and Remark 3.2. The two LTI autopi-
lots are interpolated over the intersection of the stability regions,
a 2 [5, 20]. For example, Eq. (13) in Sec. III is written

Ã( q ) =

Ã0( q ), j a j 2 [0, 5]

[(20 ¡ j a j )/15] Â0 + [( j a j ¡ 5)/ 15]Â20( q ), j a j 2 (5, 20)

Ã20( q ), j a j > 20

where Â0 and Â20 are composed of the state-spacematrices for K 0

and K 20, respectively,and the linearizedplant family. Gain matrices
L and K are computed as in Remark 3.2 and the gain-scheduled
controller is implemented (J ( q ), Q( q )), where J ( q ) and Q( q )
are de� ned in Eqs. (7) and (16), respectively.

For purposes of comparison, we also interpolate the two LTI
autopilots by linearly interpolating matrix coef� cients over the
interval [0, 20] and simulate the nonlinear closed-loop system.

Fig. 4 Angle of attack of closed-loop nonlinear system: - - - -, linear
interpolation, and ——, - interpolation.

Figure 3 shows the responseof thenonlinearclosed-loopsystemto a
10-g normal accelerationstep command at 0 s followed by a ¡ 20-g
stepcommandat 1.5 s. The nonlinearsystemwith - -interpolated
controller has signi� cantly less overshoot and shorter settling time
than that of the linearly interpolated controller. Figure 4 shows
the angle of attack (scheduling variable) for the same step com-
mands. Though the performance of the nonlinear system with -

-interpolatedautopilotwas superiorto thatof thenonlinearsystem
with linearly interpolatedautopilot, the - -interpolatedautopilot
had larger state dimension. The - -interpolated autopilot has 13
states, but the linearly interpolated autopilot has 5 states.

VI. Conclusions
A theoretically justi� ed method for interpolatingLTI controllers

that is suitable for the synthesis of gain-scheduled controllers has
been presented.The stability-coveringcondition,a suf� cient condi-
tion for the selectionof operatingpointsat which the LTI controllers
are designed,must be satis� ed for the interpolationto be successful.
As a design tool, the stability-coveringcondition helps the design
engineer determine if additional LTI controllers are required and
at which operating points they should be designed. From a practi-
cal standpoint, - interpolationrequires that a parameter-varying
Lyaponuv inequality is solved for each LTI controller. Choosing
the sets over which the Lyapunov inequalitiesare solved requires a
certain amount of engineering judgment and possible iteration. At
present, this fact limits the applicability of - interpolation for
systems that require many LTI controllers. Our current research is
focused on resolving this limitation.
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